We investigate possibility of emission of the bremsstrahlung photons in nuclear reactions with hypernuclei for the first time. A new model of the bremsstrahlung emission which accompanies interactions between α particles and hypernuclei is constructed, where a new formalism for the magnetic momenta of nucleons and hyperon inside hypernucleus is added. For first calculations, we choose α decay of the normal nucleus 210 Po and the hypernucleus 211 Λ Po. We find that (1) emission for the hypernucleus 211 Λ Po is larger than for normal nucleus 210 Po, (2) difference between these spectra is small. We propose a way how to find hypernuclei, where role of hyperon is the most essential in emission of bremsstrahlung photons during α decay. As demonstration of such a property, we show that the spectra for the hypernuclei 107 Λ Te and 109 Λ Te are essentially larger than the spectra for the normal nuclei 106 Te and 108 Te. Such a difference is explained by additional contribution of emission to the full bremsstrahlung, which is formed by magnetic moment of hyperon inside hypernucleus. The bremsstrahlung emission formed by such a mechanism, is of the magnetic type. A new formula for fast estimations of bremsstrahlung spectra for even-even hypernuclei is proposed, where role of magnetic moment of hyperon of hypernucleus in formation of the bremsstrahlung emission is shown explicitly. Such an analysis opens possibility of new experimental study of properties of hypernuclei via bremsstrahlung study.
I. INTRODUCTION
Physics of hypernuclei is an important branch of nuclear physics at low as well as at intermediate energies [1] [2] [3] [4] [5] [6] [7] . Hypernucleus is a kind of nucleus with atomic weight A and atomic number Z, contained at least one hyperon (Λ, Σ, Θ, and perhaps Ω) except protons and neutrons. A hypernucleus is characterized by its spin, isospin, in the case of Λ hypernuclei, a strangeness of −1 [2] , and in a case of double-Λ hypernuclei, a strangeness of −2 [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . During last decades, many hypernuclei have been produced experimentally (for example, see Refs. [18] [19] [20] [21] ). Among all hypernuclei, Λ hypernuclei have been studied the most deeply [22] .
An important question is how nuclear interactions will be changed, if to include strange baryon to the normal nucleus. Many types of potentials [23] [24] [25] [26] [27] [28] [29] [30] [31] were investigated to study interactions between Λ-hyperons and nuclei, and reactions with hypernuclei also. In last case, some of interest is given for more heavy hypernuclei, which have possibility to emit α particles. α-Nucleus interactions are understood deeply and determined well (see investigations [32] [33] [34] [35] [36] providing the accurate potential of interactions between the α particles and nuclei basing on existed experimental information of α decay and α capture, reviews and databases [37] [38] [39] [40] [41] [42] [43] [44] [45] , other approaches [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] , approaches of sharp angular momentum cut-off in α-capture [56, 57] , quantum mechanical calculations of fusion [61, 62] , experimental data for α-capture [58] [59] [60] , evaluations of the α-particle capture rates in stars [63] [64] [65] ). By such a reason, α decay can be considered for proper test of new calculations with hypernuclei. Note that emission of α-particles from can be included in the model describing the bremsstrahlung emission. At the same time, measurements of such photons and their analysis provide information about all these aspects, and verify suitability of the models. So, bremsstrahlung photons is the independent tool to obtain experimental information for all above questions. So, in this paper we investigate idea if is it possible to use bremsstrahlung photons, which can be emitted in reactions with participation of hypernuclei, in order to obtain a new information about properties of these hypernuclei. From analysis of literature we conclude, that this question has not been studied yet. On the other side, we can base our new investigations on our current formalism of emission of bremsstrahlung photons in nuclear reactions [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] .
At present, we do not know anything about emission of bremsstrahlung photons during reactions with hypernuclei. By such a reason, in order to perform the first estimation of bremsstrahlung spectra, we choose reaction with nuclei, where our bremsstrahlung formalism was the most successful (in description of existed experimental data of bremsstrahlung). This is bremsstrahlung in α decay of nuclei (the experimental bremsstrahlung data obtained with the highest accuracy are data [85, 86] for α decay of nucleus 211 Po, the most accurate description of these data were obtained in Refs. [78, 79] ; also see calculations [87] [88] [89] and reference therein). So, in current research we will study bremsstrahlung in α decay of hypernuclei. Note that some investigations of properties of hypernuclei in α decay have been already performed [90] . This reinforces our motivation for current research (one can use parameters of potentials between α-particles and hypernuclei obtained in Ref. [90] for new calculations of the bremsstrahlung spectra).
Hyperon (with zero electric charge) has anomalous magnetic moment, which is essentially different from anomalous magnetic moments of neutrons and protons. So, one can suppose that hyperon inside nucleus should form emission of photons with another intensity (and another type of emission as possible) of the bremsstrahlung photons, in comparison with neutrons inside the same nucleus (protons also has non-zero electric charge, so by such a reason they are principally different from hyperons in formation of bremsstrahlung). In order to clarify this question, we need in bremsstrahlung model which takes into account magnetic momenta of nucleons and hyperon. Note that this formalism have not been constructed yet. Importance of investigations of magnetic emission in nuclear reactions in stars (see Ref. [83] ) reinforces motivation to create this bremsstrahlung formalism. Another point of application is corrections of incoherent emission (after inclusion of anomalous magnetic moments of nucleons to model) which can be not small in nuclear reactions [82] .
In this paper we focus on realization of ideas above. The paper is organized in the following way. In Sec. II a new bremsstrahlung model of bremsstrahlung emission during α-decay of normal nuclei and hypernuclei is presented. Here, we include a new formalism of emission of photons due to magnetic momenta of nucleons and hyperons inside nucleus. In Sec. III we study bremsstrahlung emitted during α decay of normal nuclei Let us consider α-particle interacting with nucleus (which can be hypernucleus). In order to describe evolution of nucleons of such a complicated system in the laboratory frame (we have A + 4 nucleons of the system of nucleus and α-particle), we shall use many-nucleon generalization of Pauli equation (obtained starting from Eq. (1.3.6) in Ref. [91] , p. 33; this formalism if along Refs. [81] [82] [83] , and reference therein)
where hamiltonian iŝ
Here, m i and z i are mass and electromagnetic charge of nucleon with number i, p i = −ih d/dr i is momentum operator for nucleon with number i, V (r 1 . . . r A+1 ) is general form of the potential of interactions between nucleons, σ are Pauli matrixes, A i = (A i , A i,0 ) is potential of electromagnetic field formed by moving nucleon with number i, A in summation is mass number of a daughter nucleus 1 . We rewrite hamiltonian (2) asĤ
For further convenience, we will rewrite the operator of emission (and perform all further calculations) in the space representation. Substituting the following definition for the potential of electromagnetic field:
we obtain:
Here, e (α) are unit vectors of polarization of the photon emitted [e (α), * = e (α) ], k ph is wave vector of the photon and w ph = k ph c = k ph c. Vectors e (α) are perpendicular to k ph in Coulomb calibration. We have two independent polarizations e (1) and e (2) for the photon with impulse k ph (α = 1, 2). One can develop formalism simpler in the system of units whereh = 1 and c = 1, but we shall write constantsh and c explicitly. Also we have properties:
We substitute formulas (9) and (10) to formula (7) for operator of emission and obtain:
where µ N is nuclear magneton defined after Eqs. (6) . This expression coincides with operator of emissionŴ in form (6) in Ref. [81] in limit case of problem of one nucleon with charge Z eff in the external field [taking Eqs. (??), (5), e (α), * = e (α) andh = 1 into account].
C. Transition to coordinates of relative distances
Let us rewrite formalism above via coordinates of relative distances. We define coordinate of centers of masses for the α particle as r α , for the daughter nucleus as R A , and for the complete system as R:
where m α and m A are masses of the α particle and daughter nucleus, and we introduced new coefficients c A = mA mA+mα and c α = mα mA+mα . Introducing new relative coordinate r, new relative coordinates ρ αi for nucleons of the α-particle, new relative coordinates ρ Aj for nucleons (with possible hyperon) for the daughter nucleus as
we obtain new independent variables R, r, ρ αj (i = 1, 2, 3) and ρ Aj (j = 1 . . . A − 1). We rewrite old coordinates r αi , r Aj of nucleons via new coordinates ρ αi (see calculations in Appendix A):
For numbers i = n and j = A it is more convenient to use
We calculate momenta connected with new independent variables R, r, ρ αi , ρ Aj (at j = 1 . . . A − 1, i = 1 . . . n − 1, n = 4 for the α particle). We obtain (see Appendix A for details):
Ak .
D. Operator of emission with relative coordinates Now we will find operator of emission in new relative coordinates. For this, we start from (12) , rewriting this expression via relative momenta:
.
Substituting formulas (17) to these expressions, we find (see calculations in Appendix B): (21) andĤ k is many-nucleon generalization of operator of emissionŴ in Eq. (6) in Ref. [81] with included anomalous magnetic momenta for nucleons.
E. Wave function of the α-nucleus system Emission of the bremsstrahlung photons is caused by the relative motion of nucleons of the full nuclear system. However, as the most intensive emission of photons is formed by relative motion of the α particle related to the nucleus, it is sensible to represent the total wave function via coordinates of relative motion of these complicated objects. We follow the formalism given in [82] for the proton-nucleus scattering, and we add description of many-nucleon structure of the α-particle as in Ref. [83] . Such a presentation of the wave function allows us to take into account the most accurately the leading contribution of the wave function of relative motion into the bremsstrahlung spectrum, while the many nucleon structure of the α particle and nucleus should provide only minor corrections . Before developing a detailed many-nucleon formalism for such a problem, we shall clarify first if the many-nucleon structure of the α nucleus system is visible in the experimental bremsstrahlung spectra. In this regard, estimation of many-nucleon contribution in the full bremsstrahlung spectrum is well described task. Thus, we define the wave function of the full nuclear system as
where
Here, β α is the set of numbers 1 · · · 4 of nucleons of the α particle, β A is the set of numbers 1 · · · A of nucleons of the nucleus, Φ(R) is the function describing motion of center-of-mass of the full nuclear system, Φ α−nucl (r) is the function describing relative motion of the α particle concerning to nucleus (without description of internal relative motions of nucleons in the α particle and nucleus), ψ α (β α ) is the many-nucleon function dependent on nucleons of the α particle (it determines space state on the basis of relative distances ρ 1 · · · ρ 4 of nucleons of the α particle concerning to its center-of-mass), ψ nucl (β A ) is the many-nucleon function dependent on nucleons of the nucleus. Summation in Eqs. (11) is performed over all A! permutations of coordinates or states of nucleons. One-nucleon functions ψ λs (s) represent the multiplication of space and spin-isospin functions as
, where ϕ ns is the space function of the nucleon with number s, n s is the number of state of the space function of the nucleon with number s,
is the spin-isospin function of the nucleon with number s. In definition (23) of the wave function we have also included the new term ∆Ψ. It is correction, which should take into account fully anty-symmetric formulation of wave function for all nucleons. However, in this work we shall neglect by this correction, supposing that it has minor influence on studied physical effects here.
F. Matrix element of emission
We define matrix element of emission of the bremsstrahlung photons, using the wave functions Ψ i and Ψ f of the full nuclear system in states before emission of photons (i-state) and after such emission (f -state), as Ψ f |Ĥ γ | Ψ i . In this matrix element we should integrate over all independent variables. These variables are space variables R, r, ρ αn , ρ Am . Here, we should take into account space representation of all used momenta P, p,p αn ,p Am . Substituting formulas (18) for operator of emission to matrix element, we obtain:
G. Integration over space variable R
In Eq. (23) we defined the wave function of the full nuclear system. Here, Φ(R) is wave function describing evolution of center of mass of the full nuclear system. We rewrite this wave function as
Now we assume approximated form for this wave function before and after emission of photons as
wheres = i or f (indexes i and f denote the initial state, i.e. the state before emission of photon, and the final state, i.e. the state after emission of photon), K s is momentum of the total system [93] . Also we assume K i = 0 as the α-decaying nuclear system before emission of photons is not moving in the laboratory frame. Let us consider just contribution M 2 to the full matrix element. We calculate
From definition of δ-function we have:
Then, from (31) we obtain:
In this formula, we have integration over space variables r, ρ αn , ρ Am .
H. Electric and magnetic form-factors
We substitute explicit formulation (29) for wave function F (r, β A , β α ) to the obtained matrix element (33) . We calculate this matrix element and obtain (see Appendix C for details):
Here, we introduce new definitions of electric and magnetic form-factors of the α-particle and nucleus as
I. Introduction of effective electric charge and magnetic moment of the full system
Let us consider the first two terms inside the first brackets in Eq. (34) . In the first approximation, electrical form-factors tend to electric charges of α-particle and the daughter nucleus. So, we write:
Here, m is reduced mass of system of α-particle and the daughter nucleus. We introduce a new definitions of effective electric charge and effective magnetic moment of the full system as
So, from Eq. (36) we obtain
Now we can rewrite expression (34) for M 2 via effective electric charge and magnetic moment in a compact form as
So, we have obtained the final formula for the matrix element, where we have our new introduced effective electric charge and magnetic momentum of the full nuclear system (of the α particle and nucleus). In order to connect the found matrix element (42) with our previous formalism, we use Eq. (20) in Ref. [83] and obtain (we use only term of M 2 ,h = 1 and c = 1):
J. Dipole approximation of the effective charge
For first estimations of the bremsstrahlung emission for hypernuclei, one can consider the dipole approximation of effective charge (i.e. at k ph r → 0). In such an approximation, the effective electric charge of the full system is simplified as
For the effective magnetic moment, we obtain correspondingly
In particular, for even-even nuclei with additional hyperon (for example, for 211 Λ Po), we obtain:
and from Eq. (46) we obtain:
The matrix element in Eq. (42) is transformed to the following:
where we introduce a new factor:
Substituting values for masses and magnetic moments for proton and hyperon [92] , we calculate:
K. Calculations of matrix elements of emission in multipolar expansion
We have to calculate the following matrix elements:
Such matrix elements were calculated in Ref. [81] in the spherically symmetric approximation of nucleus. According to Eqs. (24), (29) in Ref.
[81], we have:
where [see Eqs. (38) , (39) in Ref. [81] ]
and
Here, j n (k ph r) is spherical Bessel function of order n, T l ph l ′ ph ,µ (n r ) are vector spherical harmonics. Vectors ξ −1 and ξ +1 are (complex) vectors of circular polarization of photon emitted with opposite directions of rotation which are related with vectors e α of polarization as (see Ref. [94] , p. 42):
Using representation (54), the matrix element (50) is simplified as
Now we take into account that two vectors e (1) and e (2) are vectors of polarization of photon emitted, which are perpendicular to direction of emission of this photon defined by vector k. Modulus of vectorial multiplication e (1) × e (2) equals to unity. So, we have:
From here, we find property in Eq. (58):
and the matrix element (58) is simplified as
Analyzing such a form for the matrix element, now we introduce a new formula for fast approximated estimations of the spectra (here, we include the largest contributions in summation):
We see appearance of a new factor 1 + c 0 σ · n ph in this formula. This factor characterizes explicitly influence of the magnetic moment of hyperon inside hypernucleus on matrix element of emission (and on the final bremsstrahlung spectrum). Here, parameter c 0 is dependent on choice of hypernucleus (see Eq. (51)).
L. Probability of emission of the bremsstrahlung photon
We define the probability of the emitted bremsstrahlung photons on the basis of the full matrix element p full in frameworks of our previous formalism (see Refs. [81] [82] [83] , also Refs. and reference therein). Here, we choose our last investigation [83] developed for bremsstrahlung in α-decay (see Eq. (22) in that paper). But, in current research, we are interesting in the bremsstrahlung probability which is not dependent on angle θ f . So, we have to integrate Eq. (22) in Ref. [83] over this angle and we obtain:
where k i = 1 h 2 µ E i is wave number of the full nuclear system (i.e. the α-particle and nucleus) in the initial state (i.e. in state before emission of the bremsstrahlung photon), E i is energy of the full nuclear system in the initial state (it corresponds to kinetic energy of the α-particle in the asymptotic distance from nucleus), µ = m α m A /(m α + m A ) is reduced mass of system of the α-particle and nucleus. Here, we add an additional new factor N 0 in order to normalize calculations on experimental data. In this research, we find the factor N 0 from the best agreement between theory and experiment (this is a case of α decay of the normal nucleus 210 Po). Then, we use the same found normalized factor N 0 for all other calculated spectra. By such a way, we obtain a possibility to compare the calculated bremsstrahlung spectra for different nuclei and hypernuclei.
Basing on Eq. (60), for fast estimations in computer Eq. (65) for even-even nuclei with possible inclusion of Λ-hyperon can be simplified as
Here, we express explicitly the bremsstrahlung probability P (dip, no−Λ) and the matrix element p (dip, no−Λ) full which belong to standard bremsstrahlung formalism without hyperons in nuclei.
III. DISCUSSIONS
For the first estimations of the bremsstrahlung spectra we have chosen two nuclei:
210 Po and 210 Po. In our approach [78, 79] , we achieved the most accurate agreement with these data (see also Refs. [87] [88] [89] ). So, we put main focus to this normal nucleus in our research. According to Ref. [90] , the hypernucleus, which has the most close α-nucleus interaction with the normal nucleus 210 Po, is [85, 86] are presented in Fig. 1 (a) . From such calculations we see that the bremsstrahlung spectrum in α decay of the hypernucleus (see red dashed line in figure) is above than the bremsstrahlung spectrum in α decay of normal nucleus 210 Po (see blue solid line in figure) . Such a difference between the spectra is explained mainly by additional contribution to the full bremsstrahlung emission, which is caused by magnetic moment of hyperon inside hypernucleus. The bremsstrahlung emission formed by such a mechanism, is of the magnetic type. However, as we estimate this contribution is really small for all isotopes of Polonium. Before such calculations, we estimated emission of bremsstrahlung photons without inclusion of the magnetic moments of hyperon and nucleons. In any case, potentials of interactions are different, but such difference in small also [see Fig. 1 (b) ]. Analyzing formulas (52) and (66), one can find hypernuclei, for which role of hyperon is more essential in emission of bremsstrahlung photons during α decay. The simplest idea is to look for nuclei at condition of Z (66)- (67) One can see that emission in the α decay of hypernucleus has similar tendency as studied before emission in the α decay of normal nuclei, without existence any resonant peak in the spectrum.
IV. CONCLUSIONS AND PERSPECTIVES
At first time, we investigate possibility of emission of the bremsstrahlung photons in nuclear reactions with hypernuclei. In such an analysis we focus on interactions between α-particles and nuclei. In order to perform this research, we construct a new model of the bremsstrahlung emission which accompanies interactions between α particles and hypernuclei. As example for calculations and analysis, we choose α decay of isotopes of Polonium. For the first estimations of the bremsstrahlung spectra we have chosen two nuclei: the normal nucleus 210 Po and the hypernucleus 211 Λ Po. Motivation of such a choice of reaction is the following: 1. For the first estimations of bremsstrahlung in reactions with hypernuclei, we need in the most tested bremsstrahlung model and calculations. The experimental bremsstrahlung data obtained with the highest accuracy are data [85, 86] for α decay of nucleus 210 Po. For this nucleus the best confirmation of the bremsstrahlung model and calculations were obtained (see Refs. [78, 79] , also calculations [87] [88] [89] )).
2. α Decay of hypernuclei has been already studied theoretically (see Ref. [90] and reference therein). From such a research, interacting potentials are known, needed for our calculations.
3. Today, heavy hypernucleus Λ Pb has already been known experimentally (see Ref. [92] ).
4. According to Ref. [90] , the hypernucleus, which has the most close α-nucleus interaction with the normal nucleus 210 Po, is 211 Λ Po.
Our new contribution to the existed theory is the following:
1. We generalize our previous many-nucleon bremsstrahlung model [83] , including new formalism for the magnetic momenta of nucleons and hyperon.
2. We introduce the new magnetic form-factors for nucleus and α particle. This characteristic can be related with anomalous magnetic momentum of hypernucleus. It can be useful for study properties of hypernuclei.
3. Our approach allows to study and estimate role of anomalous magnetic momenta of nucleons and hyperon in emission of bremsstrahlung photons.
4. Our approach allows can be used for next step for study of incoherent bremsstrahlung emission in reactions with hypernuclei.
5. We propose a new formula for fast estimations of bremsstrahlung spectra for even-even hypernuclei in computer [see Eqs. (66)- (67)], where role of magnetic moment of hyperon in hypernucleus in formation of the bremsstrahlung emission is shown explicitly.
Our new results in study of bremsstrahlung in α decay of hypernuclei are the following:
1. We have not found any information in literature about emission of bremsstrahlung photons during reactions with participation of hypernuclei. We performed the first estimations of emission of the bremsstrahlung photons during α-decay of hypernuclei, estimating the bremsstrahlung spectra for isotopes of Polonium.
2. Hyperon has own magnetic moment (which is different from magnetic momenta for nucleons). By such a reason, hyperon inside hypernucleus (which is under α-decay) forms additional bremsstrahlung emission. This contribution of emission to the full bremsstrahlung spectrum is small, but it reinforces the full emission (see Fig. 1 , where we calculated the spectra during α decay of the normal nucleus 210 Po and the hypernucleus 211 Λ Po). The bremsstrahlung emission formed by such a mechanism, is of the magnetic type.
3. The bremsstrahlung emission in the α decay of hypernucleus has similar tendency as studied before bremsstrahlung emission in the α decay of normal nuclei, without existence any resonant peak in the spectrum (see Fig. 1 ).
4. Before such calculations, we estimated emission of bremsstrahlung photons in α decay of 210 Po and 211 Λ Po without inclusion of the magnetic moments of hyperon and nucleons to calculations. α-Nucleus potentials of interactions for 210 Po and 211 Λ Po are different, but this difference in small [90] . As a result, we find that difference between the bremsstrahlung spectra is small, if to neglect magnetic momenta of hyperon and nucleons [see Fig. 1 (b) ].
5. We propose a way how to find hypernuclei, where role of hyperon is the most essential in emission of bremsstrahlung photons during α decay. The simplest idea is to look for nuclei at condition of Z This opens perspective to study properties of strange nuclear matter via analysis of the bremsstrahlung emission, which accompanies reactions with hypernuclei.
Appendix A: Transition to coordinates of relative distances
In this Section we rewrite formalism via coordinates of relative distances. We start from definitions (13) for coordinate of centers of masses for the α particle as r α , for the daughter nucleus as R A , and for the complete system as R:
where m α and m A are masses of the α particle and daughter nucleus, and c A = mA mA+mα , c α = mα mA+mα . Also we use definitions (14) for relative coordinate r, relative coordinates ρ αi for nucleons of the α-particle, relative coordinates ρ Aj for nucleons (with possible hyperon) for the daughter nucleus as
From here we find (n = 4):
Vectors ρ αn and ρ AA are dependent on other ρ α1 . . . ρ αn−1 and ρ A1 . . . ρ AA−1 (as we define them concerning to center of mass of studied fragment). So, one can rewrite them as
We express old coordinates r α , R A via new coordinates R, r:
Now, using (A2) and (A3), we rewrite old coordinates r αi , r Aj of nucleons via new coordinates ρ αi , :
For numbers i = n and j = A it is more convenient to use [from (A3) and (A6)]
From (A3) we shall calculate derivatives:
From (A3) and (A4) for ρ αi and ρ Aj we have (at i = 1 . . . n − 1 and j = 1 . . . A − 1):
From (A3) and (A4) for ρ αn and ρ AA we have (at i = 1 . . . n − 1 and j = 1 . . . A − 1):
Now we shall calculate momenta connected with new independent variables R, r, ρ αi , ρ Aj (at j = 1 . . . A − 1, i = 1 . . . n − 1, n = 4 for the α particle). From (A9) at i = 1 . . . n − 1 we have:
and at i = n = 4 we have:
For nucleons of the nucleus we have the similar expressions, but need only change sign before momentum p. Summarize all final formulas:
Substituting here formulas (A13), we find:
(B2) In this expression, we combine terms with the similar momenta aŝ
wherê
(B7) We simplify this expression, analyzing summations over different indexes. After calculations, we obtain: .
Let us simplify these expressions. ForĤ P we obtain: (B13) ForĤ p we obtain: 
and Eq. (C5) is transformed to 
Now we introduce new definitions of electric and magnetic form-factors of the α-particle and nucleus as 
and we take into account this definition for relative momentum as
Then Eq. (C7) can be rewritten as · Φ α−nucl,i (r) dr.
(C10)
